We introduce new classes of cyclic mappings and we study the existence and uniqueness of fixed points for such mappings. The presented theorems generalize and improve several existing results in the literature.
Introduction
The Banach contraction principle is one of the most important results on fixed point theory. Several extensions and generalizations of this result have appeared in the literature and references therein, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . One of the most interesting extensions was given by Kirk et al. in 12 . It follows from 2.2 that ψ d x n , y n < γ r , ∀n ≥ N.
2.4
This makes end to the proof.
Our first result is the following. for all n ∈ N and y ∈ A. Then T has a unique fixed point that belongs to A ∩ B.
Proof. At first, since T is a cyclic mapping and x ∈ A, we have {T 2n x : n ∈ N} ⊂ A. So, taking y T 2n x in 2.5 , for all n ∈ N, we get
2 .
2.6
Thus for all n ∈ N, we have
Journal of Applied Mathematics Again, taking y T 2n x in 2.5 , for all n ∈ N, we get
2.8
It follows from 2.7 and 2.9 that {d T n x, T n 1 x } is a decreasing sequence. Then there exists ε ≥ 0 such that
Applying Lemma 2.1 with r ε, we obtain that there exist n 0 ∈ N and γ ε ∈ 0, 1 such that
Denote k 0 n 0 1 /2 1, where n 0 1 /2 is the integer part of n 0 1 /2. By 2.11 and 2.5 , for all k ≥ k 0 , we have
2.12
This implies that
Note that γ ε / 2 − γ ε ∈ 0, 1 . Similarly, from 2.11 and 2.5 , for all k ≥ k 0 , we have
2.14
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Now, it follows from 2.13 and 2.15 that
Denote q ε γ ε / 2 − γ ε . From 2.16 , for all p ∈ N, we have
2.17
This implies that {T n x} is a Cauchy sequence. Since X, d is complete, A and B are closed, and {T n x} ⊂ A ∪ B, there exists a z ∈ A ∪ B such that T n x → z as n → ∞. On the other hand, since T is a cyclic mapping and x ∈ A, we have {T 2n x} ⊂ A and {T 2n 1 x} ⊂ B. Since A and B are closed, this implies that z ∈ A ∩ B. On the other hand, since d T 2n−1 x, z → 0 as n → ∞, by Lemma 2.1, there exist N ∈ N and γ 0 ∈ 0, 1 such that
From 2.5 and 2.18 , for all n ≥ N, we have
2.19
Letting n → ∞ in the above inequality, we get
Journal of Applied Mathematics which implies since γ 0 ∈ 0, 1 that d z, T z 0, that is, z is a fixed point of T . To show the uniqueness of the fixed point, suppose that w ∈ A ∪ B is also a fixed point of T . Clearly, since T is a cyclic mapping, we have w Tw ∈ A ∩ B. Now, from 2.5 , for all n ∈ N, we have
2.21
Thus we have T 2n x → w as n → ∞. From the uniqueness of the limit, we have z w. Thus z is the unique fixed point of T .
2.22
Fix any x in A. For all n ∈ N and y ∈ A, we have
that is, 2.49 holds. Applying Theorem 2.2, the mapping T has a unique fixed point which is z 1/2.
Our second main result is the following.
Theorem 2.4. Let A and B be two nonempty closed subsets of a complete metric space X, d . Let
for all n ∈ N and y ∈ A. Then T has a unique fixed point that belongs to A ∩ B.
Proof. Taking y T 2n x in 2.24 , for all n ∈ N, we get
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Again, taking y T 2n x in 2.24 , for all n ∈ N, we get
2.27
It follows from 2.26 and 2.28 that {d T n x, T n 1 x } is a decreasing sequence. Then there exists ε ≥ 0 such that
Denote k 0 n 0 1 /2 1. By 2.30 and 2.24 , for all k ≥ k 0 , we have
2.31
where q ε γ ε / 2 − γ ε ∈ 0, 1 . Similarly, we can show that
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Now, it follows from 2.32 and 2.33 that
As in the proof of Theorem 2.2, we obtain from the above inequality that {T n x} is a Cauchy sequence in X, d , which implies that there exists a z ∈ A ∩ B such that T n x → z as n → ∞. On the other hand, by Lemma 2.1, there exist N ∈ N and γ 0 ∈ 0, 1 such that
From 2.24 and 2.35 , for all n ≥ N, we have
2.36
which implies since γ 0 ∈ 0, 1 that d z, T z 0, that is, z is a fixed point of T . Suppose now that w ∈ A ∩ B is also a fixed point of T . From 2.24 , for all n ∈ N, we have
2.38
2.39
Then there exists a ≥ 0 such that d T 2n x, w → a as n → ∞. On the other hand, we have
2.40
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Thus we have d T 2n−1 x, w → a as n → ∞. By Lemma 2.1, there exist q ∈ N and γ a ∈ 0, 1 such that
From 2.41 and 2.24 , for all n ≥ q, we have
2.42
Letting n → ∞, we get a ≤ γ a a, 2.43 which implies since γ a ∈ 0, 1 that a 0. Thus we have d T 2n x, w → 0 as n → ∞. By the uniqueness of the limit, we get that w z. Thus z is the unique fixed point of T .
The following result is an immediate consequence of Theorem 2.2. 
The following result is an immediate consequence of Theorem 2.4.
Theorem 2.6. Let A and B be two nonempty closed subsets of a complete metric space X, d . Let
Now, we present a data dependence result. ii T satisfies 2.5 ;
iii S has a fixed point x S ∈ A;
iv there exists η > 0 such that d Tu, Su ≤ η for all u ∈ A.
Then d x T , x S ≤ 3/2η, where x T is the unique fixed point of T .
Proof. From Theorem 2.2, conditions i and ii imply that T has a unique fixed point x T ∈ A ∩ B. Using 2.5 , we have
2.46
Letting n → ∞ and using iv , we get that
2.47
We introduce now the following class of cyclic contractive mappings. At first define the following set Let Φ be the set of functions ϕ : 0, ∞ → 0, ∞ satisfying the following conditions A ∪ B → A ∪ B is said to be a cyclic weakly orbital contraction if for some x ∈ A, there exists
2.48
We have the following result. Proof. Since T is a cyclic weakly orbital contraction, there exist x ∈ A and ϕ x ∈ Φ such that 2.48 is satisfied. Taking y T 2n x in 2.48 , for all n ∈ N, we get
Again, taking y T 2n x in 2.48 , for all n ∈ N, we get
2.51
Then {d T n x, T n 1 x } is a decreasing sequence, and there exists r ≥ 0 such that
2.53
Letting n → ∞ in 2.49 , using 2.53 and the lower semicontinuity of ϕ x , we obtain r ≤ r − ϕ x r , 2.54 which implies from condition Φ 2 that r 0. Then we have
Now, we shall prove that {T n x} is Cauchy. From 2.55 , it is sufficient to show that {T 2n x} is Cauchy. We argue by contradiction, suppose that {T 2n x} is not a Cauchy sequence. Then there exists ε > 0 and two subsequences {T 2n k x} and {T 2m k x} of {T 2n x} such that for all k, n k > m k > k and
We can take n k the smallest integer such that the above inequality is satisfied. So, for all k, we have
Using 2.56 and 2.57 , we obtain
2.58
Letting k → ∞ and using 2.55 , we have
On the other hand, for all k, we have
2.60
Letting k → ∞, using 2.55 and 2.59 , we have
Similarly, for all k, we have
Now, applying 2.48 with y T 2m k x, for all k, we have
Letting k → ∞ in the above inequality, using 2.59 , 2.63 , and the lower semi-continuity of ϕ x , we obtain
which implies from Φ 2 that ε 0, a contradiction. Thus we proved that {T n x} is a Cauchy sequence. Since X, d is complete, A and B are closed, and {T n x} ⊂ A ∪ B, there exists a z ∈ A ∪ B such that T n x → z as n → ∞. On the other hand, since T is a cyclic mapping and x ∈ A, we have {T 2n x} ⊂ A and {T 2n 1 x} ⊂ B. Since A and B are closed, this implies that z ∈ A ∩ B. Now, we will prove that z is a fixed point of T . From 2.48 , for all n ∈ N, we have
2.66
Letting n → ∞ and using the properties of ϕ x , we get for all n ∈ N and y ∈ A. Then T has a unique fixed point that belongs to A ∩ B.
Remark 2.11. Clearly, any cyclic orbital contraction is a cyclic weakly orbital contraction. So Theorem 1.3 is a particular case of our Theorem 2.9.
